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I. INTRODUCTION 
In this paper we will study the first initial-boundary value problem for the 
pseudoparabolic equation 
Lqu] = uxtr + 4% t> Ut + -+%, + u(x) u, + b(x)u = q(x, t) (1.1) 
defined in the rectangle D(H, T) = (x, t) / 0 < x < H, 0 < t < Tj. We 
make the assumption that the coefficient d(x, t) is continuously differentiable 
in D(H, T) = {(x, t) 1 0 < x < H, 0 < t < T}, 4(x, “) is continuous in 
B(H, T), u(x) is continuously differentiable in 0 < x < H, and b(x) is 
continuous in 0 < x < N. In equation (1.1) 7 is a constant. Equations of 
the form (1.1) have been called pseudoparabolic by Showalter and Ting ([Cl} 
not only because well posed initial-boundary value problems for parabolic 
equations are well posed for equation (1 .l)? but also because of the fact that 
in certain cases the solution of a parabolic initial-boundary value problem 
can be obtained as the limit of solutions to the corresponding problem for 
a rclatcd class of pseudoparabolic equations. Equations of the form of equation 
(1 .l) arise in the study of nonsteady simple shearing flow of second order 
fluids (c.f. [2], [3], [8]) and also in the theory of the consolidation of clay ([7]) 
and the theory of seepage of homogeneous fluids through fissured rocks ([l]). 
Our main contribution in this paper is the introduction of a special solution 
of equation (1.1) analogous to the Riemann function for hyperbolic equations. 
This function can be constructed by iteration and we will refer to it as the 
Riemann function for equation (1.1). We will then use this Riemann function 
to reduce the solution of the first initial-boundary value problem for equation 
(1.1) to that of solving a one dimensional Volterra integral equation. This is 
made possible by the fact that both the lmcs t = constant and x = constant 
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are characteristics of equation (1.1). Our approach leads in a direct and natural 
manner to sufficient conditions for the existence, uniqueness and continuous 
dependence on the boundary data of the solution to the first initial-boundary 
value problem for equation (1.1). In this regard our work is connected with 
that of Showalter and Ting ([6]) w h o used a Hilbert space approach to study 
initial-boundary value problems for pseudoparabolic equations in 12 space 
variables, n > 1. However in contrast to the work of Showalter and Ting 
our work allows some of the coefficients to be time dependent and also gives 
a constructive method for obtaining the solution to the initial-boundary value 
problem under investigation. In another direction our work is related to that 
of [4] in which a Riemann function was constructed for a class of pseudopara- 
bolic equations in two space dimensions and used to investigate the analytic 
behaviour of solutions to such equations. 
II. THE RIEMANN FUNCTION 
We define the adjoint equation to S[U] = 0 to be 
Jo4 = %to + 4% t> wt - Tp,, f (a(x)v), - b(x)o = 0. (2.1) 
Now let (f, T) E D(H, 7’) and integrate the identity 
a 
MT”1 - %JQJl = & r %tVt - w%?t - autv + rl%cfJt + rl%%l 
+ ; r%F + hJ - rl%%l P-2) 
over the rectangle R which is bounded by the lines x = 0, x = E, t = 0 and 
t = 7. An application of Green’s formula gives 
ss T c @t--q4 - u&[v]) dx at 0 0 
aR 
(2.3) 
Suppose there exists a function V(X, t; f, T) satisfying AJ’[v] = 0 in R and 
the boundary conditions 
v&J, t; 8, T) = t [l - &t--7)] (2.4a) 
q, t; 4, 7) = 0 (2.4b) 
+x9 7; if, T) = 0, (2.4~) 
PSEUDOPARABOLIC EQUATIONS IN ONE SPACE VARIABLE 561 
where if q = 0 the boundary condition (2.4a) is to be interpreted in its 
limiting form as 7 --t 0. Then if there exists a solution u of U[U] = 4 in 
D(H, T) satisfying 
u(O, t> = f(t) (2Sa) 
%!pt t) = g(t) (2.5b) 
u(x, 0) = h(x) (2Sc) 
where S(t), g(t) E: CVh Tl, h(x) f2 CW, Xl, we have from equation (2.3) that 
+ -qf’(t) ~(0, t; f, 41 dt + j’, j: n(x, t> 4~, t; 5,~) OS dt. 
CW 
Equation (2.6) g ives the solution of the Goursat problem (1. l), (2.5) in terms 
of the Riemann function v(x, t; [, r). In particular if we can show that 
v(x, t; f, T) exists and is sufficiently smooth, then we can use equation (2.6) 
to verify directly the existence of a function ~(3, t) satisfying Y[u] = CJ and 
the initial data (2.5). W e now turn our attention to this construction. Rewrite 
equation (2.1) in the form 
V cd0 = F(x, t, v> vt > v, , v,,) (2.7) 
where F(x, t, vt , v, , v,,) = yv, - d(x, t) vt - (a(x)v), + b(x)v. Let 
S(% t) = %Et(X, t> cw 
and define the operators B, , B, , B, , B, by 
B,(s) = v(x, t) = /I /I (X - x1) s(xl , tl) dx, dt, + i (x - ()(I - e++) 
B,(S) = vt(x, t) = ,,” (X - x1) s(xr , t) dx, - (X - t) eq(t-T) 
Bs(s) = v&x, t) = 1: j: s(xr , tl) dx, dt, + i (1 - evctV7)) 
(2.9) 
B.&) =I u,&, t) = .c” s(x, tr) dt, . 
7 
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Let C(R) be the Banach space of continuous functions defined and continuous 
in the closed rectangle R with norm 
(2.10) 
where h > 0 is fixed, s(x, t) f C(I2). Th e existence of a Riemann function 
ZI(X, t; f, T) is now reduced to finding a fixed point of the operator T in C(R) 
where 
I-S = F(x, f, W), B,(s), B&), J%(S)). (2.11) 
Due to the linearity and continuity of the coefficients of A[v] = 0 we have 
i.e. 
for (x, t) E R there exists a constant C such that 
II 3 - Tss Ih d ‘3ll B,s, - B,sz Il,a 4 II WI - B,sz It,, 
+ II W, - &A /IA + II W, - B,s, IIn>. 
From estimates of the form 
It BP, - Bzs, IL, < : II $1 - sz IIA 9 i= 1,2,3,4 
where the C, are positive constants independent of A. 
From equation (2.12) this implies that 
II ‘G - Ts, IL, G 711 $1 - $2 IIA 
(2.12) 
(2.13) 
(2.14) 
(2.15) 
(2.16) 
where M is a positive constant independent of A. We also have from equation 
(2.16) that 
II Ts IL < Fll s llh + M, (2.17) 
where M,, is a positive constant. 
Equations (2.16) and (2.17) imply that for h sufficiently large T takes a 
closed ball of C(R) into itself and is a contraction mapping. Thus by the 
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Banach contraction mapping principle there exists an s E C(R) such that 
s = Ts and we have established the existence of a Riemann function 
v(x, t; [, T). Note that by construction we have shown that with respect to 
its first two variables V(X, t; 8, T) is a strong solution of A@‘[v] = 0 and is 
furthermore continuous with respect to its four independent variables for 
(x,t)ER, x<.z<H, t<r<T. 
We now wish to establish some further regularity properties of z~(x, t; 5, 7). 
Let (Al, p) E R and let R,, be the rectangle bounded by the lines x = a, 
x = f, t = p and t = 7. By the same method we used to construct v(x, t; 5,~) 
we can construct a solution W(X, t; 01, /3) of Z[U] = 0 in Rap which satisfies 
the boundary conditions 
w,(a, t; lx, p> = ; [e-+-s) - 11 (2.18a) 
w(a, t; a, p> = 0 (218b) 
w(x, P; 01, P) = 0. (2.18c) 
Integrating the identity (2.2) over R,, (setting u = w) and applying Green’s, 
formula gives 
w(E, *; % B> = V(% is; e, 4, (2.19) 
i.e. as a function of its last two variables ZJ(X, t; f, T) is a solution of 9[u] = 0. 
We can furthermore easily show that ifs = utC7 then s, p ss , s,, are continuous 
for a: < t < H, /3 < T < T (c.f. [5], pp. 116-117). It is now possible to 
show directly that equation (2.6) is the unique (strong) solution of L?[u] = 4 
satisfying the Goursat data (2.5) and that u(x, t) depends continuously on the 
Goursat dataf(t), g(t) and h(x) and their derivatives. l(In the case when the 
coefficients of equation (1.1) are entire functions of their independent 
(complex) variables it is not difficult to show that D(X, I; 4, C-) is also an entire 
function of its independent variables. In this ease equation (2.6) shows that 
if ZI(X, t) is a solution of equation (1.1) which is analytic in some neighborhood 
of the origin 1 x / < CC,, , 1 t 1 < to , and k(x) = 4(x, t) = 0, then U(X, t) can 
be analyticahy continued into the strip - 00 < x < 00, j t 1 < t,, , a result 
analogous to the analytic behavior of solutions to parabolic equations.) 
III. THE FIRST INITIAL-BOUNDARY VALUE PROBLEM FOR Z?[ziJ = q 
The first initial-boundary value problem for S?[U] = Q is to find a solution 
of S[uJ = q in D(H, T), continuously differentiable in D(H, T), which satisfies 
4099 =f(t> (Xla) 
u(x, 0) = h(x) (Mb) 
u(H, t> = V-W (3.k) 
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We will require f(t), p)(t) E P[O, T] and h(x) E C2[0, NJ. To find a solution 
of this problem we return to equation (2.6) and set !$ = H. After an integra- 
tion by parts in the second integral on the right hand side we arrive at 
where 
+ jTf'(t)[w&O, t; H, T) - a(O) @, t; H, 7) + T~Q, t; H, 41 dt 
0 
- q(x, t) w,(x, t; H, T) dx dt. (3.3) 
Note that due to the assumption thatf(t), p)(t) E Cr[O, TJ and the coefficient 
d(x, t) is continuously differentiable in .@H, T), we can conclude that y(T) 
and the kernel of the integral equation (3.2) is continuously differentiable with 
respect to 7 for 0 < 7 < T (this follows from the construction of v(x, t; f, T)) 
and hence if a SOhtiOng(T) of the integral equation exists, then g(T) E Cr[O, T]. 
To show the existence of a unique solution to the integral equation (3.2) on 
the interval 0 ,< 7 < T it is sufficient to show that ~~(0, 7; H, T) is never 
equal to zero on this interval (c.f. [9]). To this end consider the function 
p(x) = %(x, 7; H, T> (3.4) 
for an arbitrary (but fixed) 7 in the interval 0 < 7 < T. Then from the 
differential equation (2.1) and the boundary condition (2.4~) we have 
pxs + 43, + = 0. (3.5) 
Hence if we require d(x, t) < 0 for (x, t) E D(H, T) we can conclude from the 
theory of ordinary differential equations that if p(0) = 0 then P(X) = 0, 
since by equation (2.4b) p(H) = 0. This then implies that pa(H) = 
v&H, 7; H, T) = 0. But by equation (2.4a) we have D&H, 7; H, T) = -1. 
Hence the assumption ~(0) = 0 leads to a contradiction if we also assume 
d(x, t) < 0 in D(H, T). Making this assumption, solving equation (3.2) for 
g(T), and then substituting into equation (2.6) gives the unique solution of the 
first initial-boundary value problem for LZ[~] = q. We summarize our result 
in the following theorem: 
PSEUDOPARABOLIC EQUATIONS IN ONE SPACEVARIABLE 565 
THEQRBM. Let d(x, t) be continuously differentiable and noBpositive in 
-mf, T), q(x, t) continuous in D(H, T), and assume a(x) E Cl[O, H], 
b(x) E C[O, H]. Let f(t), T(t) E Cl[O, T] and h(x) E C2[0, H]. Then there exists 
a uniqtie solution to -Ep[u] = q(x, t) satisfying the initial-boundary data (3.1). 
The following example shows that in general the assumption that d(x, t) < 0 
in @H, T) is necessary (In reference [2] Coleman, Duffin, and Mizel give 
several theorems and examples which show that the assumption d(x, t) < 0 
is essential to the theorem stated above. They show that for the equation 
vt = vx2 - ‘Ijxt. uniqueness can fail, and, if His sufficiently small, there may 
exist no solutions in D(H, T)). 
EXAMPLE. 24(x, t) = t sin Kx is a solution of 
uxtx + k%, = 0 (3.6) 
for (x, t) E D(n-/k, T), T arbitrary, and is continuously differentiable in 
@r/k, T). But u(x, t) satisfies the initial-boundary data ~(0, t) = u(v/& t) = 
U(X, 0) = 0, i.e. the solution of the first initial-boundary value problem for 
equation (3.6) in @n/k, T) is not unique. 
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